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A linear stability analysis is performed for a black lipid membrane. The hydrodynamic model consists of a viscous 
hydrocarbon film sandwiched between two aqueous phase. Attractive forces (van der Waals and electrical) and repulsive 
forces (steric) are expressed as body forces in rhe equations of fluid motion ia the rhree phases. The steric repulsion due to 
overlap of the hydrocarbon chains of the lipids at small film thicknesses is described via an exponentially decaying interaction 
potential. The dispersion equatiP:t dispfays two modes of vibrations: the bending mode with the &vo film surfaces iransversefy 
in phase, and the squeezi~;; mode with the two surfaces ISW’ out of phase. For symmerrical firms. these two modes are 
uncoupled, and the s+xeezing mode (with thickness variations) is stabilized by the rep&&e interactions. For nonsymmecricu1 
films (different suriace tensions. surface charges. ztc.). these two modes are coupled and the asymmetry induces a shift of the 
marginal stability curve to shorter wavelengths. 

1. Introduction 

The majority of the studies previously per- 
formed on thin fluid film stability were mainly 
devoted to thin soap films [l-3]. Recently, the 
experimental and theoretical interest has shifted 
towards investigating more closely the static 
[4a-4c] and dynamic ES.61 properties of hydro- 
carbon films. This new interest is partly motivated 
by the biological relevance of hydrocarbon films: a 
cell membrane, for example, is now described as a 
fluid mosaic of lipids and proteins f7] with a 
matrix essentially formed by a special hydro- 
carbon film, the lipid bilayer. This lipid bilayer is 
often simulated by ‘model membranes’, i.e., lipid 
films in a colored or black state. Previous studies 
were devoted to the dynamic stabili:y analysis of 
the biological viscoelastic membrane itself 1131 or 
of the colored films [6&S], The goal c-f this paper 

0301-4622/83/.$03.00 @.I 1983 Elsevier Science Publishers B.V. 

is to focus on the stability of black lipid films, 
where new repulsive forces occur. 

The balance of forces is very different in soap 
films and lipid films. The soap film is an aqueous 
phase sandwiched between two gaseous bulk 
phases and stabilized by surfactants. If the surfac- 
tants are charged, the two double layers develop 
inside the film and the overlap of these diffuse 
layers produces repulsive forces which stabilize the 
film, by counteracting the attractive van der Waals 
forces- The lipid film, conversely, is a hydrocarbon 
phase sandwiched between two aqueous phase. If 
the lipids are charged. the double layers extend 
outside the film. The repulsive stabilization must 
be provided by other forces, of steric origin, due to 
the overlap of the hyd;_ocarbon chains at very 
small film thicknesses. 

Experimentally, lipid films are formed [.+a-4c] 
by introducing a small amount of lipid solution 



onto the opening of a hydrophobic support im- 
mersed in an aqueous solution. First the film 
appears colored. (fig. 1 a), implying a film thickness 
of the order of O-I- I pm_ Its bulk phase is com- 
posed of solvent and the hydrophobic part of the 
‘lipid molecules. while the potar or ionic head 
groups face the external solutions. Under suitable 
conditions. the colored films begins to drain while 
color bands indicate ytarying thicknesses across a 
film. The bands increase in breadth and width 
until finally the appearance of ‘black spots’ signals 
the beginning of formation of the black film. In 
the state of thinning. two simultaneous processes 
[4a-4c] are relevant for the lifetime of the film: (i) 
gradual drainage by border suction. (ii) growth of 
film thickness fluctuations; the latter process is the 
subject of this paper. In the black state. the chain 
ends interact with each other (fig. la) for a bilayer 
thickness of about 60 A. 

A linear stability anatvsis was previously per- 
formed for colored Iipid films [9]: the lipid phase 
was described as a pure viscous (Newtonian) fluid 
where ‘body forces’ are operating: van der Waals 
attractive forces. and electrical forces due to equal 
surface charges or the presence of an applied 
potential. The conclusion was that the mode corre- 
sponding to thickness variations (called the 
squeezing mode. SQ) is always unstable. with a 
lifetime from a few minutes to several hours. 
according to the electrical parameters. This predic- 
tion is in gocd agreement with experimental 
observations [ I1 J_ The bending mode. BE. corre- 
sponding to fluctuations at constant thickness, is 
stable for positive film tension. 

In the present paper. we performed the same 
stability analysis for black films. This theory on 
such sterically stabilized films is. to our knowl- 
edge_ the first theoretical attempt to describe their 
hydrodynamics. A recent paper [12] aiso de&s 
with thickness fluctuations in black lipid mem- 
branes. but using an energy method. The authors 
predict a ‘root mean square’ amplitude and a 
‘mean increase in area’ for long wavelengths com- 
pared to film thickness. by assuming equipartition 
of energy. Their main conclusion is that the black 
membrane configuration is flat and that the thick- 
ness fluctuations are small in amplitude. In our 
analysis. this would correspond to a stable SQ 

mode. Small wavy perturbations 1131 are also con- 
sidered as the main source of the difference in 
thickness, as measured by the capacitance method 
or light-reflectance method. These two studies 
[ 12.131 suppose that a wavy deviation of pIanarity 
with ‘swelling and indentation’ of the bilayer is 
plausible: an SQ mode may thus be described. 
even in the case of a black lipid membrane (bi- 
layer). 

Two different approaches for the repulsive in- 
teractions where simultaneously developed in a 
linear stability analysis: an ‘order parameter’ ap- 
proach [19] and the ‘repulsive body force’ ap- 
proach described here. Furthermore, we will dis- 
cuss the role of a coupling between the BE and SQ 
modes, due to the asymmetry, which has not been 
done before. 

In detail, in section 2 we introduce the hydrody- 
namic model, state the equations of motion and 
perform the linear stability analysis leading to a 
genera1 dispersion equation. The repuIsive forces 
deriving from an exponentially decaying interac- 
tion potential are described in s-_ction 3 and the 
electrical forces in section 4, for a fast and a slow 
regime. The resuits are discussed in section 5. with 
respect to the role of the repulsive stabilization 
and of the asymmetry. 

2. Hydrodynamic model 

The model system adopted consists of a non- 
thinning, planar. black lipid firm (LF) (phase 2) 
bounded by two semi-infinite aqueous phases (1 
and 3) (see fig. la). 

The hydrocarbon core of the Iipid bilayer is 
considered as bulk liquid hydrocarbon composed 
of a mixture of oleoyi chains and appropriate 
solvent. Anisotropy in the hydrocarbon is ignored. 
Even in hydrocarbon crystals this film structure 
more closely resembles a liquid than a crystal [I I]. 
For the colored film. the isotropic description of 
the film is clearly appropriate. since lipid mole- 
cules are isotropically dissolved in the bulk of the 
film. For the black films. this assumption must be 
assessed with caution: in fact. the lipid molecules 
constituting the bilayer are amphiphiles and their 
polar head groups (hydrophilic part) will be 
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Fig. 1. (a) Formation of blacx lipid films. The colored film 
(0.1-I pm) consists of a bulk lipid solution sandwiched be- 
tween two layers of surface-adsorbed lipids. In the black film 
( = 60 A) the two adjacent surfactant layers repel each other 
sterically. (b) General potential distribution for art asymmetric 
lipid bilayer. a!_ surface potential: x$0, applied potential: +,. 
transmembrane potentiai; h. membrane width: IC, inverse De- 
bye screening lengths. 

arrayed at the two surfaces, facing the aqueous 
faces (this description takes into account a kind of 
anisotropy in that sense). However, we suppose 
here that the hydrophobic parts of the lipid chains 
are in a ‘disordered’ state, rendering the hydro- 
carbon film more ‘liquid’ than ‘solid’. As com- 
pared to colored LF (thickness = lo3 A) in which 
there is no interaction between the two lipid 
monolayers. these lipid monolayers begin to inter- 
act directly with each other in black LF (fig. la). 
Moreover, as the black film width is essentially 
twice the length of a single lipid molecule, it is 
problematic to divide the film phase into bulk and 
surface properties: different parts of the same lipid 
molecule belong to the surface and to the bulk of 
the film. However, it is justifiable to identifying 
the headgroup region with the surface phase and 
the hydrocarbon chains with the bulk phase, since 

the head group has a typical width of 3-4 A as 
compared to the total film width. The head group 
regions are thus modelled as two-dimensional 
surface phases with intrinsic rheology; the surface 
properties (surface tension, elasticity, coverage, 
viscosity, etc.) are assumed to be different at the 
two surfaces, since the two monolayers forming 
the black LF may be different (asymmetric mem- 
branes). 

If the film is charged, electrical double layers 
extend outside in the external aqueous phases. 
Here, also the surface charges, or the ionic en- 
vironment, may be different on the two sides of 
the membrane. The two surface potentials are, 
respectively, a:, and a$. If a potential difference 
+a is applied to the membrane (via suitable elec- 
trodes and an outside potential source) the ‘trans- 
membrane potential’ is +,,, = +,, + a:, - a,“2_ Inside 
the film, the potential drop +,,, is essentially linear 
due to the low dielectric constant of the lipids (fig. 
lb). Film phase 2 is described as a Newtonian 
incompressible viscous fluid, with a shear viscosity 
pz and density p2. This is quite a good rheological 
description for liquid hydrocarbons [9]. ‘Incom- 
pressibility’ here means that, if the film is com- 
pressed by an applied potential, for instance. fluid 
2 will be ‘squeezed out’, into the plateau border. 
The film itself is an ‘open’ system. in contact with 
two ‘reservoirs’, the plateau borders. If fluid 2 is 
incompressible, the total fluid volume (film + 
reservoirs) is constant. Other authors [12] describe 
this situation as ‘compressible’, which is, in our 
opinion, a misunderstanding of the notion of in- 
compressibility. Aqueous phases 1 and 3 are also 
described as Newtonian incompressible fluids with 
viscosity p, = pL3 and density p, = p3_ The state of 
motion in each bulk phase is given by the 
Navier-Stokes equation 

&+= -Vvpi~V’a+TE-+r;;+~R (1) 

together with the incompressibility condition v - 5 
= 0 and with 

5=v-T 

F, = -pVw, 

-= I F, = -pFw,. 

(2) 

Here p and p are the uniform mass density and 
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viscosity_ respectively. and U the velocity of the 
phase under consideration. p represents the hydro- 
static pressure_ The electrical force zu, van der 
Waals force Fv and repulsive force FR are intro- 
duced as body forces in eq. 1. 

The Maxwell tensor is: 

with l the dielectric ccnstant. I!? the electric field 
and f the unit tensor. I!? is obtained from the 
electrostatic equations_ with the equilibrium Boltz- 
mann distribution. for small potentials (< 25 mV) 

[61. 
The van der Waals potential is given by: 

rt;(?) =/n.,.(l?- Fl)p(F’)df’ (4) 

where >vv(]f - i;‘]) is the long-range part of the 
two-body potential. asymptotically given by [I]: 

where 11 is the London constant_ 
The steric repulsive potential N’, describes rep- 

ulsive interactions at medium range (short-range 
forces are expressed in the hydrostatic pressure). 
between the long hydrocarbon chains of the lipids. 
This potential is determined by a point-point in- 
teraction function ~+a(]7 - r’]) (the explicit form of 
this potential is described in the next section) and 
by the density p of the respective phases. so that: 

H,(i) =/IQ+ ?‘t)p( P’)df’. (6) 

As for the van der Waals forces, the repulsive 
forces FK deriving from this potential are continu- 
ous at the two surfaces. so that they can be in- 
tegratsd. Furthermore. we define a ‘cut-off which 
escludes interactions at very small distances, i.e. 
‘l.R(o) = Il. 

Starting from the plane reference state of the 
system at rest. we perform a normal mode analysis 
[ 141. Each quantity G is expressed in Fourier com- 
ponents as 

K( i.r) =SG(z) exp(rX-,.~+rrX-,.I.) exp( M) (6) 

where k = (X-: + kz)‘,” is the wave number (for 
the geometry see fig. 1 b) and rr = rva + irr; the 

complex frequency of the perturbation. 
The integration constants of the general solu- 

tion in the bulk phases are fixed via the following 
boundary conditions (they are similar to those in 
refs. 6. 8 and 9): 

(i) Continuity of velocity. 
(ii) Transversal momentum T balance, in which 

normal surface acceleration and capillary Laplace 
force (involving surface tension) are balanced by 
the normal stress due to the action of the bulk 
forces on the surfaces_ 

(iii) Longitudinal momentum L balance in 
which the surface forces due to acceleration. surface 
viscosity (dissipation) and surface elasticity (local 
change of surface tension) are balanced by the 
tangential stress due to the adjoining bulk phases. 

(iv) (Dis)Continuity of electrical (field) poten- 
tial. 

A general surface mass and surface charge bal- 
ance is used, involving surface convection_ surface 
diffusion and adsorption-desorption from the bulk. 
Two limiting cases will be considered: the ‘fast 
regime’ where the convection is fast compared to 
the two other processes, and the ‘slow regime’ 
where the convection is slow and the regime is 
governed by diffusion and adsorption-desorption. 

A general dispersion relation IV =f(k) is ob- 
tained_ This relation is expressed by a 4 X 4 de- 
terminant. 

i-+ 

L- 

7‘_ 

L+ 

(9) 

The 2 x 2 BE mode (fig. 2) couples velocity 
fields in which the normal displacements are in 
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al Bending Mode 

bISqueming Mode 

Fig. 2. The two modes of vibration for symmetrical systems: (a) 
The bending mode (BE) with in-phase transversed displace- 
menrs. (b) The squeezing mode (SQ, with 18Oo out-of phase 
transverse displacements. 

phase while the tangential ones are out of phase. 
For the 2 x 2 SQ mode, the normal displacements 
are 180°C out of phase and the tangential ones are 
in phase. The coupling term CO is due to the 
mechanical or electrical asymmetry of the film. 
For completely symmetric systems (same surface 
tension, elasticity, coverage) and for the following 
electrical profiles: (1) equal surface charges and 
zero applied field, (2) external applied field and no 
surface charges, the two modes BE and SQ are 
decoupled, and their stability can be analysed 
separately [6]. 

However, in the general case of asymmetric 
membranes treated here, the two modes are cou- 
pled. The second and fourth lines of the matrix 
(eq. 9). respectively, are obtained by subtracting 
and adding the longitudinal momentum L at the 
two surfaces S, and S,, and the first and third 
lines by adding and subtracting the transversal 
momentum T. 

3. The repulsive steric contribution 

In this section, we derive an explicit expression 
for the interaction potential wa(]i -7’1) and intro- 
duce it in the stability analysis. 

Steric stabilization is a general phenomenon 
which occurs not only in stabilization of colloidal 
particles by nonionic molecules, in polymer melts 
[15], but also in stabilization of thin dielectric 
films (as an example, lipid bilayers that contain 

few or no solvent molecules)_ In contrast to aque- 
ous films, which are stabilized by overlap of the 
electrical double layers inside the film, thin dielec- 
tric films are stabilized by overlap of the long 
hydrocarbon chains. Experiments suggest that two 
separate regions of close approach must be dis- 
tinguished [ 151: the interpenetration domain (char- 
acterized by a thickness of between one and two 
contour lengths of the stabilizer chains) and the 
compression domain which is entered on even 
closer approach. Stabilization of lipid films is re- 
ferred to the first domain. This justifies the model 
adopted, in which the film (phase 2) is described 
as an incompressible fluid with some body forces. 
attractive and repulsive_ 

The nature of the repulsive force, or of the 
related interaction free energy, has been discussed 
by several authors [16]. The Helmholtz free energy 
change [1 l] of the system as the film becomes 
thinner is. for unit area of the film: 

dA=A-.4A,=(o,-20”) (‘0) 

where cr is the film tension and a, the interfacial 
tension of the interfaces between the equi!ibrium 
bulk phases. For a system in which adsorption 
equilibrium with the bulk phases is maintained. 
this term is calculable from the adsorption isc- 
therms for the single interface and for the thin 
film. This was done for a lipid film [17]. The free 
energy can also be evaluated by entropy theories 
[IS]. These theories allow calculation of the de- 
crease in the number of configurations of the 
adsorbed molecules due to steric hindrance. These 
two methods show that a repulsive force sufficient 
to stabilize the film is generated by a very small 
overlap of the chains of the two monolayers. 

The problem is now to choose an analytical 
form for the repulsive forces, in order to be able to 
evaluate their role in a dynamic stability analysis 
of the black lipid films. Two different approaches 
were adopted: 

3.1. The ‘order parameter’ approach f I91 

An ‘order parameter density’ is introduced, de- 
scribing the local concentration of oriented -CH,- 
monomers. In black films, the tails of the lipids 
belonging to adjacent surface layers hinder each 
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other so as to increase the order-This model gives 
rise to a stress contribution 7 -17 in the equation 
of motion (eq. 1). instead of the body force Fn. 
Preliminary results of this model [ 191 are similar to 
those obtained here (see fig. 4 in section 5). 

L-7. The ‘repulsive body force’ approach 

In this approach, developed in the present paper, 
the repulsive interactions are introduced in eq. 1 as 
body forces. deriving from a repulsive potential 
N’,(P). For constant fluid density in the three 
phases and negligible interactions in phases 1 and 
3. this potential is given by: 

(11) 

where V is the film volume- The equilibrium 
potential (superscript ‘q) is then given by: 

r%zq( Z) =/_“;;,F(I; - -_l)dY (‘2) 

where 

F(Iz - ~‘1) = p2/== wR( r)‘zrdr 
,z--_1 

(13) 

and h is the film width. 
The steric potential energy per cm’ film is de- 

fined by: 

L’;;*(h) =~j~:;2LV&~(;)dz_ (14) 

Several hypotheses are used in obtaining eq. 14. 
Hypothesis 1: the fluid density pz is supposed 

to be constant along the =-axis. This is a rather 
good approximation for the thinnest films, for 
which the volume fraction of oleate chains is nearly 
unity, except in the center of the film [I I]. This 
assumption may fail for thicker films in which a 
greater amount of solvent is present. 

tIypothesis 2: the fluid density takes into 
account globally the density of chains and solvent: 
[‘: = p;hJ8nX + p;““c”t = constant. (15) 

Discrepancies in stability results due to differences 
of solvent [ 11,12] cannot be accounted for by our 
treatment. In order to generalize the treatment to 
all kinds of solvents. a density pz(lF --?I) should be 
used instead of pr in eq. 11. 

The form of the potential Vkq(Iz) can then be 

deduced from experimental curves for which the 
repulsive contribution to the free energy of forma- 
tion of a film is measured. Such measurements 
have been made in detail for black films of glycerol 
monooleate in nonpolar solvents [ 1 I]. An electrical 
potential applied across the liquid film subjects it 
to a large compressive force under which most 
types of films become significantly thinner. From 
thickness measurements in an applied field, the 
strengths of the steric interactions which stabilize 
the film are calculated. From a knowledge of these 
steric interactions together with an estimate of the 
van der Waals forces from contact angle measure- 
ments, the curve of potential energy AA against 
film thickness can be calculated for the system, 
according to 
AA=AA,tAA, (‘6) 

where AA, is the attractive van der Waals part of 
the free energy and AA, the repulsive steric part. 
These components are shown in fig. 3. We made a 
fit of the repulsive part by an exponential form 
and identified it to Vcq(h)- R . 

AA, = D’-exp( - Bh) - Z’;q(h). (17) 

Using eqs. 14 and 11, we deduce a plausible form 
of the point-point repulsive interaction potential: 
IC~([F- ?‘I) = D-rxp( - BIF- S’l) (Isa) 

Fig. 3. Free energy change as a function of film thickness for 
glycerol monooIeate+ n-decane films in saturated NaCI. The 
dashed curves represent the separate van der Waals and steric 
interaction contributions (according to fig. 4 of ref. II). 
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with 

2-p: Dh 

-T-=D’m 

The form, eq. 18a, supposes that the point-point 
interaction is isotropic, and that the repulsive in- 
teractions are very small in fluids 1 and 3. com- 
pared to those in fluid 2 (D, and O3 -=K D). We 
tested an alternative form, 

which describes anisotropic repulsive interactions_ 
The parameters deduced from the fitting with 

the curves of fig. 3 are, respectively, D’ = 1.7 x 10’ 
dyn/cm and B =0.28 (A-‘) (or l/B= 3.4 A). 

This corresponds to a very strong and rapidly 
decaying interaction, compared to the van der 
Waals interaction for the same case, i.e., A A,( 11) 
= -A/l27ih’, with the Hamaker constant A = 

3.48 X IO-I4 erg. 
In a first-order linear stabilitv analysis, the per- 

turbations of the steric interact-ions are expressed 
as for the van der Waals interactions in the jump 
of the pressure at each surface [ 11: 

where Sr is the perturbation of the surface coordi- 
nate. The first term on the right-hand side of eq. 
19 is obtained by differentiating eq. 11 with re- 
spect to z at tne reference flat state (superscript ‘) 
using eq. 18a. For interface sl, for instance, it is 
given by: 

awg 
- 

I a= .I 
Sz,, = 2Tp2 Da&,, 

with 

The second term of eq. 19 is the repulsive interac- 
tion at one surface due to the perturbation of the 
other surface, in the same way as was done for the 
van der Waals interactions [ 11. 

For interface sl it is given by (see appendix A): 

SW&, =Zzp,Db(k)Sz,, (21) 

with 

b(k)=& exp( - h&FTP). 

For long wavelengths (k/B -=E 1) the term b(k) 
reduces to (l.w.l., long-wavelength limit): 

limb(k)=hf?-‘exp(-Bh) 
*.w.i. 

By adding the two contributions, eqs. 20 and 21, 
the total perturbation (eq. 19) becomes, at surface 
Sl 

Si~~~~,=2s;p,D[aS=,,tb(k)S=,2]. (23) 

and similarly at surface s2 

swFk2 = 2~p?pZD[uSz,2+b(k)Sz,,]. 

The respective contributions of the repulsive forces 
to the BE and SQ modes will be discussed in 
section 5. 

The alternative form (eq. 18b) gives more re- 
stricted results, i.e.. d = - hBa ’ exp( - Bh) and d 
= hB- ’ exp( - Bh). These terms are independent 
of the wavelength so that they do not make any 
contributions to the BE mode. They will not be 
considered further. 

4. The electrical contribution 

In this section, we generalize the results already 
obtained [6] for the electrical interactions in a 
stability analysis_ 

Let us consider the general electrical potential 
profile of fig. lb. The two monolayers display 
different electrical surface charges so that different 
electrical double layers extend outside in aqueous 
phases 1 and 3. Due to the difference in surface 
potential (a,, and a,*) or to an applied potential 
(+c), a potential drop +,,, = qLo + a:, - a$ arises 
across the bilayer. This potential drop is supposed 
to be linear, due to the low dielectric constant of 
the lipid bilayer. The potential profile of fig. 1 b is 
more general than the two separated profiles con- 
sidered before [6] (equal surface charges or an 
applied field across a neutral membrane). In the 
reference state, we obtain for the electric fields in 
the three phases, respectively: 

(24) 



where Zr,: and ZT..: are the surface charges, a$ 

and a:- the surface potentials, e, and e3 the dielec- 
tric constants of solutions 1 and 3. K, and K~ the 
inverse Debye lengths and +, the potential drop 
across the film (transmembrane potential). As the 
aqueous solutions on both sides are similar, we 
suppose that z, = l 3 and K, = K~. 

When the surface is perturbed. the surface 
charge balance on each surface is required as 
additional boundary condition: 

Z’P 
+ 26n 

RT ’ (25) 

where rj; is the perturbed -_-component of the 
surface velocity, Zrs the surface charge density, 9 
the surface diffusion coefficient, C a chemical term 
which includes adsorption-desorption from the 
bulk phases or chemical reactions occurring at the 
surface, R the gas constant, T the absolute temper- 
ature. and &Y, the perturbation of the potential at 
the surface_ The first term on the right-hand side 
of eq. 25 describes surface convection. the second 
surface diffusion-migration. and the third adsorp- 
tion-desorption. Two limiting regimes can be con- 
sidered here: 

4. I. The fusr regime (K, >> k’D* f C) 

In this case, the convection is fast compared to 
the two other processes. The perturbation of the 
surface charge (eq. 25) then reduces to the convec- 
tion term 

ac: 
6( zr,) = zr*“P/iK (26) 

This regime has already been considered [6]. More- 
over. we will suppose here that the surface charges 
remain constant during the perturbation, i.e.. 
S(ZS)=O. 

The convection is slow compared to the other 
processes. This regime adequately describes the 
surface dynamics of lipid films. for which the 

surface diffusion coefficient of the lipids is rela- 
tively high: Ds = 1.5 x lo-” cm2 s-l [20]. 

If the charge variation does not depend on the 
area variation, we obtain by rearranging eq. 25: 

6( ZT,) = - $&X>_ (27) 

The variation of the surface charge is only depen- 
dent on the variation of the surface potential. For 
this case, we take the hypothesis of constant charge 
S( ZQ = 0 which corresponds to low surface 
charge ZrO_/RT, and the hypothesis of constant 
potential &r, = 0 which corresponds to high surface 
charge. 

The relative contributions of the electrical terms 
to the two modes and to the coupling term are 
given in appendix B, for both regimes. 

5. Results of a linear stability analysis 

Asymptotic solutions of eq. 9 can be obtained 
in the long-wavelength limit (kh -=z 1. k/B -=x 1 
and k/k .zz 1) and for viscosity p * 0. The repul- 
sive contributions are also taken in the long-wave- 
length limit (eq. 22). as well as the electrical contri- 
butions (appendix B). The van der Waals contri- 
bution is similar to those in previous studies [1,6]. 

Fluctuations with short characteristic lengths 
are not considered, since they are small in ampli- 
tude as a result of the large amounts of oil-water 
contact they would create and because of crowd- 
ing of the lipid chains [12]_ 

The marginal stability case (rva = u> = 0), for 
both fast and slow regimes, with the assumptions 
of constant charge or potential, is given by: 

T, (BE)-T_ (SQ)- k’(CO)‘= 0 Pa) 

where 

co = ( 0:: - OS% ) + ( cr,: - us; ) . (2W 

For the BE mode, the pure surface tensions a,( 
and a$ are the tensions of the monolayers on both 
sides of the Plateau border. The electrical surface 



tensions due to the surface charges are given, in 
the long-wavelength limit, by: 

E- - %l - &E:)= 

~wr- 
) 

(29) 
E_ _ %2 - 

The last term on the right-hand side of eq. 28b 
represents the electrical contribution to the surface 
tension due to the presence of an applied field E; 

in medium 2. Both electrical terms are negative 
and lower the pure surface tensions o$ and us%. 

The van der Waafs contribution to the surface 
tension in the long-wavelength limit is given by 

3A 
0” = -~ 7 

12&t- 
(30) 

where A = ~?.(pfA,, + pfAfi - 2p,p,A,,) is the 
Iiamaker constant. 

The repulsive contribution to the surface ten- 
sion in the long-wavelength limit is given by 
OR = D’exp( - Hz) E V;q(h) (31) 

where D’ and B are the parameters defined in eq. 
18a. As Bh X- 1, the factor 1 has been neglected in 
the expression of a (eq_ 20). 

The stability criterion for the uncoupled (BE) 
mode is ]6]: 

It can clearly be seen that the electrical and van 
der Waals interactions are destabilizing (they are 
negative, see eqs. 29 and 30), while repulsive steric 
interactions will stabilize the BE mode, especially 
when h decreases (this term is positive, see eq. 31). 

For the SQ mode, the quantity 

dnv A -= -- 
dh 27TJz4 

(33) 

is the variation of the van der Waals disjoining 
pressure II, with respect to the film thickness_ For 
A > 0. this quantity is negative and tends to de- 
crease the term k’(u,‘: + &) especially for long 
wavelengths. 

The quantity 

dfliz - = D’a*exp( - Bh) = d’“R 
dh 

dh2 (34) 

is the variation of the repulsive disjoining pressure 
lTa_ This term is always positive, and expresses the 
overlap of the chains inside the film. The last term 
on the right-hand side of eq. 2%~ represents the 
variation of the electrical disjoining pressure IIn. 
At the Iong-wavelength limit 

(35) 

The stability criterion for the uncoupled SQ mode 
is [6]: 

which for the long-wavelength limit reduces to 

dT;, 
->OwithI7,=II,ti7,+I?, 

dh (36) 

By comparing the stabihty criteria for the BE 
mode (eq. 32) and SQ mode (eq. 36). it can clearly 
be seen that both take into account the film ten- 
sion cir? but that for thickness fluctuations (SQ 
mode), there is a second component which de- 
scribes the free energy of interaction between the 
two surfaces, and which is predominant at long 
waveIengths. The same result is obtained by an 
energy method [ 121, but using a global ‘compressi- 
bility parameter’ which does not specify the role of 
the different components. 

For the coupling term, the asymmetry described 
by two different mechanical or electrical surface 
tensions leads to a new coupling between the BE 
and SQ modes, due to the differences in mechani- 
cal or electrical surface tension. This term has not 
been described before. 

5.1. Stability for the mcoupled BE and SQ modes 

Let us first discuss the membrane stability for 
the uncoupled BE and SQ modes, i.e., when the 
membrane is symmetric (a$ = CJ~$). In order to 
compare with the experiments [l I] on glycerol 
monooleate, we consider a neutral membrane (s,” 
=0 and+,= +,,)_ In fig. 4, we plotted the neutral 
stability curve in the h$e plane, for the BE and SQ 
modes for long-wavelengths. The stability criteria 
(eqs_ 32 and 36) indicate that the BE mode is 
unstable to the right of and above the solid curve 
or= 0, while the SQ mode is unstable above- the 
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Fig. 4. Curves of marginal stability in the h-~$~ plane. for the 
BE mode (6, = 0) and for the SQ mode (dI7,/dh = 0). 

dash-dotted curve dIIr/dh = 0. Several regions of 
stability can be distinguished: 

(Region a) For h > 60 A. i.e., for colored films, 
the repulsive forces are not operative, the SQ 
mode is unstable while the BE mode is stable for 
most of the \LO values. D 

(Region b) At h 5 60 A, the behavior changes 
fundamentally. As the two curves intersect each 
other. there is a region b. where at small potential 
+,, - both the BE mode and SQ mode are stable, 
while for a potential of about 160 mV, the film 
becomes unstable only with respect to BE mode 
fluctuations. 

(Region c) For !z c 50 A, i.e., for black- films, 
both the BE mode and SQ mode are stable for all 
ranges of potential a#“. 

The parameters used to obtain fig. 4 are listed 
in table 1. They are deduced from experiments on 
glycerol monooleate films [ 11,121. 

The main new result of fig. 4 is the stabilization 
of the SQ mode below h = 60 A, which is due to 
the steric repulsion of the hydrocarbon chains 

Table I 

Paramelrrs for glycerol monoolentr membranes 

One-interface tension a0 0.5 dyn/cm 

Membrane dielectric constant c2 2.0 

Hnmakrr ccmstanl A 3.5 x lo- I4 erg 

Repulsive ‘amplitude parameter’ D’ 1.7x lO’dyn/cm 

Repulsive ‘distarze parameters’ l/B 3.4 A 

inside the film. This is in agreement with recent 
results [i2], indicating that the preferred config- 
uration of black lipid membranes is flat and that 
thickness fluctuations are small in amplitude. 
However, there is a range of thickness, 50 A -C II < 
60 A, where the membrane thickness fluctuations 
are stabilized, while ‘ripples’ without thickness 
variations are still possible. This has important 
implications for the explanation of sinusoidal de- 
formation of biological membranes (red blood cells 

Pll). 

The analysis of the dispersion relation with 
W, = Wi = 0 provides a wavelength (I?,)-’ which 
separates stable and unstable states. For unsym- 
metrical surface tensions (0,“. usE), the two modes 
(BE and SQ) are coupled, and the system displays 
a marginal stability for a vaiue of the dimension- 
less parameter k,h obtained from eq. 28a: 

(X-,h) = [ - o,h’(d17,/dh)]“z 

Eq. 2% shows that the stability of the SQ mode 
depends on the wavelength. This is not the case for 
the BE mode (eq. 28b). Therefore, eq. 37 may be 
compared with the marginal wavelength for the 
uncoupled SQ mode. From a mechanical point of 
view, this implies a symmetrical profile u,‘: = us\_ 
From an electrical point a view, this can be ob- 
tained in two cases [6]: 

(i) An electrical potential is applied on a neu- 
tral membrane (or with negligible surface charges 
oE_ .s, - us: = 0). The transmembrane potential I/J,,, is 
equal in that case to the applied potentiai (#,,, = 
$J~). Eq. 37 reduces to: 

(k,h)= 
- h’4(l7, -c IIIR + II,)/dh I” 

2op+o,to, 1 (38) 

(ii) The membrane has symmetrical surface 
charges us: = ~$5 and there is no applied field; eq. 
37 becomes: 

(k,h)= 
- h'4(II,-riT,)dh "' 1 2op+20s~+o"+oR _ 

(39) 
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We will focus on the comparison between the 
coupled unsymmetrical mode (eq. 37) and the 
uncoupled SQ mode (eq. 38 or 39), because this 
mode describes thickness variations of the mem- 
brane which may lead finally to membrane rup- 
ture_ For that reason we choose parameters lead- 
ing to a stable BE mode; according to the crite- 
rion, eq. 32, it means that or > 0. 

In fig. 5a, we plotted the marginal curve ob- 
tained from eq. 38 for a pure SQ mode for negligi- 
ble surface charges and for several values of an 
applied potential jump #a (a/~, = Go). The parame- 
ters are the same as in table 1. and we choose 
II = 75 A so that the points representative of the 
parameters are situated in region a of fig. 4. Now 
the same potential jump inside the membrane can 
be obtained by modifying the surface charges on 
one side of a charged membrane. In that case, the 
two modes are coupled and we have plotted the 
marginal curve obtained from eq. 37 in fig. 5a; the 

B T ROLE OF ASYMMETRY 
lmvl ((1) 

t 

PURE So. 
30 APPLIED POTENTIAL 

20 

5f > 0 10 20 30 
kohlx10*2~ 

0 10 20 30 
kohW0*2] 
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Fig. 5. (a) Curves of marginal stability as a function of the 
marginal wave number k, for a pure SQ mode and for coupled 
BE and SQ modes. in the case of an applied potential x+0 
(negligible surface charges). (b) Curves of marginal stability for 
a pure SQ mode (equJ surface charges or surface potential np) 
and for coupled BE and SQ modes (asymmetrical surface 
charges). The unstable regimes are on the dashed side of the 
marginal stability curves. 

domain k < k, implies instability of the system. 
while fork > k,, the system is stable. The coupling 
between the two modes leads to a larger unstable 

- . 
regton, I.e., for a single value of +a. an interval of 
wavelengths (a ‘band’j corresponds to unstable 
states for the coupled modes and to stable states 
for the uncoupled SQ mode. For both curves, as 
the applied potential a#,, increases, the unstable 
domair increases. This is due to the rise of the 
destabilizing electric term dIIrJdh compared to 
the constant value (fixed h and A) of the van der 
Waals and steric contributions. 

In fig. Sb, we plotted the marginal stability 
curve (eq. 39) for pure SQ mode for several values 
of the surface potential at in the case of a mem- 
brane with equal surface charges. The parameters 
are again listed in table I,-and usE is given by eq. 
29 with I/K, = I/K~ = 10 A, which corresponds to 
electrolyte concentrations of about 0.2 M [22], and 
with dielectric constant of the solutions E, = l 3 = 
80. 

If the charge is modified on one side only, the 
two modes become coupled and it is clearly seen 
that the asymmetry induces a shift of the marginal 
stability curve to shorter wavelengths. The predict- 
ions of fig. 5b can be compared with experiments 
on asymmetric black lipid membranes [23]: bi- 
layers composed of phosphatidylserine (PS) 
(charged lipids) are unstable under conditions of 
asymmetric distribution of Ca’+ or HC in the 
solution (0.1 M NaCl), i.e., on one side only, while 
these membranes remain stable with Ca’+ on both 
sides. In the framework of fig. 5b, these results can 
be qualitatively interpreted as follows: each PS 
molecule carries one negative charge at 6 < pH -= 8: 
this gives rise to a surface potential a,“, = o$ = oy 
(we are restricted in this treatment to small poten- 
tials < 25 mv), which in turn creates an electrical 
surface tension, due to the free energy of the 
diffuse double layers extending in the adjacent 
solutions. When Ca” is introduced on both sides 
of the membrane, it binds to the negative charges 
and reduces the surface potential from the same 
amount on both sides. The SQ mode remains 
stable for wavelengths situated to the right of the 
marginal stability curve. For example, for a: = 10 
mV and membrane width h = 75 A, the marginal 
stability curve of fig. 5a predicts a stable system 
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for (k,h) > 12.5 x IO-', i.e.. for all wavelengths 
shorter than about IO3 A. When Ca” is in- 
troduced on one side only, this induces a change in 
electrical free energy on one side, and the two 
modes (BE and SQ) become coupled via the cou- 
pling term (use - us:)_ To proceed with the same 

0 example, for asI = 10 mV on one side, the margi- 
nal curve of fig. 5b for the coupled situation 
predicts a shift to wavelengths half as long. This 
means that there is a ‘band of wavelengths’ be- 
tween the two curves of fig. 5b for which the 
membrane will be destabilized by asymmetry. As 
this band lies beneath the range of the Teflon 
orifices (diameter = IO4 A) in which the mem- 
branes are formed, this instability is plausible. 
Instability of the SQ mode or of the two coupled 
modes means. in our hydrodynamic model, that 
thickness fluctuations are amplified; it may be a 
necessary step leading to bilayer rupture or 
L breakdown’ [24]. 

When extrapolated to biological membranes. 
these results are in agreement with the ‘bilayer 
couple’ hypothesis [25], for which the two halves of 
the membrane bilayer are different and respond 
differently to various perturbations. while remain- 
ing coupled to one another (by van der Waals 
contact, for instance). 

Finally. let us mention here thermodynamics 
studies on lipid bilayers (as an example. see ref. 
26). based on the existence of lipid phase transi- 
tions. In fact, one striking Feature of certain pure 
!ipids and of mixtures of lipids is the appearance 
of supramolecular periodic structures observable 
in both freeze-fracture electron microscopy and 
X-ray diffraction. Theoretically, it can be shown 
[26] how a simple first-order chain-melting phase 
transition between a planar solid membrane and a 
planar fluid membrane is modified when the mem- 
brane has a spontaneous curvature. In addition_ 
there is evidence that the two monolayer halves of 
the btlayer may be different or independent of one 
another. leading to a shift of the period of one 
monolayer relative to the other. Although derived 
from an equilibrium point of view, such studies 
provide support for the existence of dynamic modes 
6E and SQ and for the possibility of a coupling 
between them. 

6. Conclusion 

The method of linear stability analysis is ap- 
plied to achieve a better understanding of the 
physical nature of the stability of a black lipid 
membrane_ The hydrodynamic model consists of a 
thin lipid film considered as a Newtonian in- 
compressible fluid, between two aqueous phases. 
Body forces (van der Waals, electrical and steric 
forces) are introduced in the equations of motion 
in the three phases. 

Essentially, it is shown that the mode describing 
thickness variations (squeezing mode) is stabilized 
at small film thickness, due to the steric repulsion 
of the hydrocarbon chains inside the film. How- 
ever, even a black lipid membrane can be destabi- 
lised by an asymmetric distribution of surface 
tensions or surface charges on the two sides of the 
film, in both fast and slow regimes. The dynamic 
model presented here and in previous publications 
comprises many of the essential features of lipidic 
films and provides a new insight into the dynamics 
of colored and black lipid films, and by extension 
of biological membranes. 

Appendix A 

The repulsive interaction at one interface si 
(Z = -h/2) due to perturbation of the other inter- 
face h/2 is given by: 

sK’;l,, = p2D//t,p- B, r‘+,‘-,f - Z1~>“~&\.d &.d-__ - (*‘I 

By expanding in a Taylor series around h/2, eq. 
Al reduces to: 

After integration with respect to they variable, eq. 
A2 becomes [27] 

where K,(Z) is a modified Bessel function [28]. 
Integration of the real part of eq. A3 gives [27]: 

8 W& = 4pzDS+ 
B(hy 

($+ k2)3/4 
K_,,,( Ad=). 

(A41 
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For long wavelengths for which k/B +c 1, we can 
evaluate the argument of the Bessel function by 
comparison with experiments [ 1 I]. ~ Using the 
parameters B = 0.28 A-’ and h = 50 A we obtain 
Bh = 14; the asymptotic form of the Bessel func- 
tion can be used [ZS]: 

x 1+ ( 1 

ham 
+ _.. 

Replacing eq. A5 in eq. A4 we obtain 

SrV$,, = ZITp,Db(k)S=,, 

(A% 

withb(k)=--/&e 
.+J$+ ,i 

(A61 

Appendix B 

The elements of the secular matrix (eq. 9) con- 
tain an electric part due to the Maxwell tensor (eq. 
3), the (dis)continuity conditions and the conserva- 
tion of surface charge (eq. 25). 

For the fast regime, the secular determinant, for 
the electrical part, is given by: 

We now give in detail the electrical terms for 
the fast regime and give their long-wavelength 
limit, in order to compare with previous results [6]. 

The electrical term A,, which will make a con- 
tribution to be BE mode. is given by: 

A 
E 

= ~,(g-K,)(EP+ G)--f,g=,O 
4zD, 

x [2rzkEpsinh( kh/2) 

+c,(g-~,)(Ef’+E,O)cosh(kh/2)] 

* ~,(g-~l)(e--E,O) 
4mD, 

f,(g--,)(EP--~)sinh(kh/Z) 

-&(g-lc,)EP(+e) 

+~*(g--rc,)~~(‘e--E,0)1 
withg= (kZ+Kf)"2. 

D, =t,gzcosh(klt/2)tr,krinh(kh/2) 

and Dz = r,g,sinh( kh/2)+ rzkcosh( kh/2) 

which reduces in the long-wavelength limit (l.w.1.) 
(k/g-=x 1 and kh -=x 1) to 

limA,= -~(~P)‘-~(E:)L-~(E~)_(BZ) 
1.w.l. 

Similarly, the electrical term E E, which will make 
a contribution to the SQ mode, is given by: 

E =CI(g--I)(+-:) 
F. 45;D, 

E,(~-Ic,)(EP--E~~)cos~(~~~/~) 

+ t,(g--,)(EP+E30)-2CIgEl 
4~0~ 

x [2<,kE;cosh(kh/2) 

+c,(g--,)(EpiE~)sinh(kh/2)] 

-&‘(g-~,)EPw--EP) 

+4g--,)e(e-e)] 

which reduces in the long-wavelength !imit to 

limE,= -~(~p)‘-~(~~)~-~(~~)‘. (83) 
I.\u.l. 

The coupling term AE (superscript * denotes a 
coupling term) is given by: 

#/g--rr,)(+GY 
4s;D, 

x [Zr,kEpsinh(kh/Z)+ r,(g-q)( E;c E,O)cosh(kh/Z)] 

+ r,(g- K,)( EP + J%)-2r,gG 
4~D, c,(g-‘,) 

X(EP- E:)sinh( kh/2) 

-&,(g-x,)Gw--3 

-c,(g-K,)e(.e-e)l 

which reduces in the long-wavelength limit, to: 

lim AZ= - 
I.w.1. 

$&p)‘++)’ (B4) 

We obtain the same limit for the other coupling 
term, i.e. 
lim Eg = lim A;. (W 
I.W.I. I.W.1. 
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The other terms corresponding to transversal dis- 
placements are zero in the long-wavelength limit, 
i.e. 
lim C, = lim G, = Iim Cg = Iim GE = 0. 

The terms corresponding to longitudinal displace- 
ments are given by: 

k’ 
D, = --,(E:+ E,O)cosh(rC-h/2)[2E=~~--_,(EP+ .$‘)I 

4s;Q 

- $$( Ei - EF)‘sinh(kh/Z). 

If, = s ( E,O - E$cosh( k1*/2) 

x_’ 

(‘37) 

+ 4;;02E,( E: + ET)sinh( lib/Z) 

x[-2czE~+t,(E~+E~)] 

D~=~.,(E~-E:)coSh(~b,/2)[2r2EP-~,(E:+E~)] 

- -$$-[( E~)Z-(E:‘)2]sinh(X-h/2) 

which reduces in the long-wavelength limit to 

Iim 0; = &[z~,E~(E:‘-E;)+~c,(E:)~-~c,(~~:)’]. 

(B9) 

We obtain the same limit for the other coupling 
term: 
Iim If; = lim LJi-, (B’O) 

The electric determinant reduces then in the 
tong-wavelength limit to the expression 

(,1,,xE,)x(D,,~ff,~)-(A;,xD~)~. (B11) 

This expression describes the electrical coupling. 
due to the asymmetry. between the transversal 
parts of the BE mode and SQ mode. and the 
longitudinal parts of these modes. 

In order to simplify the problem. we will sup- 
pose for the following that the charge remains 
constant during the perturbation. i.e.. S( ZT) = 

a r.‘ 
ZZ.“L/K = 0. which implies a low charge An- 

3: 
sity ZF”. Under that hypothesis, the determinant 
(cu. Bl) reads 

(BI’) 

which describes a coupling due to the asymmetry 
between the transversal parts of the BE mode and 
of the SQ mode. For the slow regime, under the 
simplifying assumptions given in section 4 (con- 
stant charge or constant potential), we obtain the 
same determinant (eq. B 12) in the long-wavelength 
limit. 
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